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Abstract 



Two dimensional classical integrable systems and different integrable deformations 
for them are derived from phase space realizations of classical sl{2) Poisson coalgebras 
and their g— deformed analogues. Generalizations of Morse, oscillator and centrifugal 
potentials are obtained. The N = 2 Calogero system is shown to be sl{2) coalgebra 
invariant and the well-known Jordan-Schwinger realization can be also derived from 
^ ■ a (non-coassociative) coproduct on sl{2). The Gaudin Hamiltonian associated to 

such Jordan-Schwinger construction is presented. Through these examples, it can be 
clearly appreciated how the coalgebra symmetry of a hamiltonian system allows a 
KS ' straightforward construction of different integrable deformations for it. 



1 Introduction 

A Poisson coalgebra {A, A) is a Poisson algebra A endowed with a Poisson map A be- 
tween A and A ® A. In other words, if we assume that A is the dynamical algebra for 
a one-particle problem, the coproduct A provides a two-particle realization of the same 
dynamical symmetry. In fact, under certain conditions the coproduct A can be uniquely 
generalized to a Poisson map between A and A (g) A(iSi ■ ■ -^^ (8) A, and the A^-particle re- 
alization of the symmetry arises. By following this approach, a systematic construction 
of A^-dimensional completely integrable Hamiltonians from any coalgebra with Casimir 
element C has been introduced in |]l|. Moreover, since q— deformations (see, for instance, 
||2[-||5|) can be translated in a classical mechanical context as deformations of Poisson al- 
gebras preserving a coalgebra structure, such construction can be applied for them and 
leads to a systematic derivation of integrable deformations of Hamiltonian systems. 



The aim of the present paper is two-fold. On one hand, we use the ,5/(2) Poisson 
coalgebra and its deformations to provide new classical mechanical examples of this general 
construction. In Section 2 we recall such Poisson sl{2) coalgebras; in Section 3 the general 
construction is reviewed through an example based on the Gelfan'd-Dyson realization |p 
of sl{2) and in Section 4 new N = 2 integrable systems related to Morse, oscillator and 
centrifugal problems are given. Another interesting example of two-dimensional coalgebra 
symmetry is provided by the N = 2 Calogero system 0, that is shown to be canonically 
equivalent to one of the systems that have been previously derived. Therefore, the results 
here presented can be used to construct two new different integrable deformations of this 
remarkable Hamiltonian. 

As a general fact, g— deformations introduce hyperbolic functions of the canonical 
variables, and the associated integrals of the motion have also such kind of hyperbolic 
terms depending on positions and/or momenta. Note also that the existence of the A^- 
dimensional generalization of all these systems is ensured (although we will not describe 
their explicit form here) and that phase space realizations of coalgebras play an essential 
role in the formalism. 

Secondly, in Section 5 we present the generalization of this construction to systems in 
which the dynamical symmetry algebra A is given in terms of an elementary canonical 
realization that already contains two pairs of conjugated variables. By using the classical 
Jordan-Schwinger (JS) realization |^, y] as an outstanding axample of this kind of situation, 
we show how complete integrability is also preserved for the corresponding system, now 
with 2A^ degrees of freedom. Consequently, the deformation of such systems poses the 
interesting problem of deforming the JS map. It turns out that coalgebra symmetry is also 
essential at this point, since we show that the Jordan-Schwinger (JS) realization of sl{2) is 
canonically equivalent to a reducible representation of sl{2) given by a non-coassociative 
coproduct. From it, a standard deformation of the JS realization is given and related 2 N 
dimensional integrable systems can be defined. 



2 sl{2) Poisson coalgebras 

Let us consider classical angular momentum variables J3, J± and the associated si (2) 
Poisson-Lie algebra 

{J3,J±} = ±2J±, {J+,J_} = J3. (2.1) 

with Casimir function 

C(J3,J+,J_) = ij| + J+J-. (2.2) 

The Poisson algebra ( |2.lD is endowed with a coalgebra structure by the usual "primitive" 
coproduct defined between sl{2) and s/(2) (g) sl{2) 

A(J3) = 10 J3 + J3OI, A(J±) = 10 J± + J±®1. (2.3) 



Compatibility between ( p. 3D and (2.1) means that A is a Poisson map: the three functions 



defined through (|2.3|) close also a Poisson sl{2) algebra. 

There are few deformations of the sl{2) algebra for which there exist compatible defor- 



mations of the coproduct (2^). In fact, two relevant and distinct structures appeared in 



quantum group literature during last years, and they can be realized as Poisson algebras 
as follows: 



• The "standard" deformation ||2|, ^, 10|, slq{2) (q = e^) given by the following deformed 
Poisson brackets 

{J3,J+} = 2J„ {j3,J-} = -2J_, {J„J.} = ^^^, (2.4) 

which are compatible with the deformed coproduct 

A^(J3) = 1® J3 + J3OI, 

A^(J+) = e-t-^3 (g, j^ + j_^ et-^3. (2.5) 

Az{J-) = e'^-^'' (g) J_ + J_ e^-^''; 

in the sense that that ( p. 51) is a Poisson algebra homomorphism with respect to (^.4|). The 
function 

C.(J3,4)=(^^^)%J.J-, (2.6) 

is the deformed Casimir for this Poisson coalgebra. 

• The "non-standard" deformation [111], 12, O], slh{2) whose defining relations are 



{j3,J+}=2^^^^i^^, {j3,J-} = -2J_.cosh(/iJ+), {j+,J_} = J3. (2.7) 

Ah{J+) = 1 J+ + J+ ® 1, 

A;,(J_) = e~^-^+ (g) J_ + J_ e'''^+; 

A/,(J3) = e-^'^'+0J3 + J3®e''^+; (2.8) 



The non-standard deformed Casimir is now 



C.(i3.J„J-) = ij| + 2^^J- 



(2. 



Equivalently, an isomorphic non-standard Poisson deformation is obtained by choosing J_ 
as the primitive generator. We then find that 

{j3,J+} = 2J+cosh(/iJ_), {j3,J_} = -2^^^^i^^^, {j+,J_} = J3. (2.10) 

Ah{J-) = 1 (g) J- + J_ ® 1, 

Ah{J+) = e-^^- (^J+ + J+® e^^~-; 

^hiJs) = e-'^^- J3 + J3 ® e'^^-- (2.11) 



The non-standard deformed Casimir is now 



~2 I J sinh(/iJ_ 



C,(J3, J+, J_) = 1 J| + J+ !=:!:l^ (2.12) 



In what follows we shall make use of these coalgebra symmetries in order to construct 
new integrable systems. Note that the undeformed sl{2) structure is smoothly recov- 
ered when deformation parameters vanish. Jacobi identity can be also easily checked for 
(l23),(|3) and (IITOI ). 



3 Gelfan'd- Dyson map, Gaud in magnet and deformations 

Let us now recall the general construction ||l[ through an example provided by the classical 
phase space analogue of the one-boson (polynomial) Gelfan'd-Dyson (GD) realization of 
sl{2): 

J3 = 2pq-b, J+=P, J- = -pq^ + bq, (3.1) 



where 6 is a real constant that labels the representation through the Casimir (2^), which 
turns out to be 6^/4 under (3.1). 



Let us now consider an arbitrary function H{J3,J±). Since the coproduct (|2.3| ) is an 
algebra homomorphism, it is immediate to prove that the two-particle Hamiltonian that 
can be defind through the coproduct of H in the form 

i/(2) = A{n{J3, J±)) = HiAiJ-s), A(J±)), (3.2) 

will commute with the coproduct C^"^' of the Casimir element: 

1^(2)^ ^{2)| ^ {A(7^), A(C)} = A {{n, C}) = 0. (3.3) 

Therefore, any function of the generators defines a two-site integrable Hamiltonian. 
In particular, the Casimir itself can be taken as the function Tl. In that case, the other 
integral of motion will be given by the coproduct of any of the generators of the algebra. 
Explicitly, in the sl{2) case we have 

i/(,'):=C(A(J),A(J+),A(J_)) 

= i(l «) ^3 + ^3 «) 1)^ + {l0j+ + J+(^ 1)(1 O J_ -F J_ (g) 1) 

= 1 O C -h C (g) 1 -F i J3 O Js -F J_ (g) J+ + J+ J_, (3.4) 



which is just the two-site Gaudin magnet [14, 15, 16|. Once ( |3.4| ) is realized in terms of 



two copies of (pjj) we shall obtain the integrable two-particle Hamiltonian 

H^c\qi,q2,Pi,P2) := ^ + 4 + ^ (2P1 ft " h){2p2 92 - b) 
+{-Pi qi+bqi)p2+Pi {-P2 ql + h 92) 
= -PiP2{qi-q2f -h (pi - P2) (ft - ft) + b^. (3.5) 

Since Hq is the coproduct of C, it will commute with, for instance, with A(J+), which is 
just the total momentum pi + p2 and gives us the additional integral of the motion. The 
generalization of this result to an iV-site Gaudin magnet is straightforward by taking into 
account the appropriate A^-th generalization of the coproduct. By following [l|, we obtain 
that 

H(^) = Y^c, + Y.(h44 + J-Ji + JiJ'^) (3.6) 

N 

= T.{-PiPj (9* - ^i)' -b{Pi- Pj) {qi - q,)} + ^ N"". (3.7) 

i<j 

The m = 2,... ,N hamiltonians H^^\ together with the total momentum A'^'(J-|_) = 
Pi-\-P2 + ■ ■ ■ +Pn are again A^ functionally independent integrals of motion in involution. 



Note also that we could have taken a different realization on each lattice site through 
different bi constants in ( |3.1| ), and the formalism will guarantee the integrability in the 
same manner (this kind of realizations will be relevant when the coalgebra symmetry of 
the Calogero system is analysed in Section 4). 

Now, the same construction can be applied to deformed sl{2) coalgebras. We shall 
consider the non-standard one ( |2.7H2.9| ). The following deformed phase-space realization 
of (|2.7D can be found 

~ - smh(hp) 
J+ = p, J = 2 q — b cosh{hp), 

J ^ _sm_{_j))_ ^2 _^ ^ cosh{hp) q-b^^ sinh(/ip), (3.8) 

which leads again the same 6^/4 constant when substituted in the deformed Casimir 
function ( |2.9| ). Therefore, an integrable deformation of the system ( p. 51 ) will be given by 
the deformed coproduct of the (also deformed) Casimir (p.S|). In terms of two phase space 
realizations of the type (|3.8D, the coproduct (p.SD defines the two-particle functions 



/+ = A/j(J+) =pi +P2, 

/- = Afe(J_) = e-^P^ |_ smh(^/ip2) ^2 ^ ^ cosh(/ip2) g2 - fe' | sinh(/ip2)} 

+ / s^^M^Pi) q2 ^ ^ cosh{hpi) qi-b^ smh{hpi)\ e'^P'; 

h = AM) = e-- {2 ^^^^ ,2 - b cosh(/.p2)} 

+ {2^i^^i^,i-6cosh(/.pO}e'^-; (3.9) 

The corresponding Hamiltonian is obtained as 

rr (2)t \ A fiJ2 , sinh(/iJ+) ~ \ w/n2 , sinh(/i/+) - 

Hh- '[qi,q2,pi,P2) = Ah UJ3 + J- I = K/3) + -^ /- 

sinh/ipi _^( -) sinh /ip2 . .2 

-6 ^^^^ {qi - 92) + 4 (1 + e-^'^Pi + e^'^P^ + g-^'^^Pi-P^)) . (3.10) 

This Hamiltonian will commute, by construction, with the coproduct of J+ (i.e., the total 
momentum pi + p2 again) and the limit /i — >• of this expression leads to ( |3.5| ) . The A^-th 
dimensional integrable generalization of this system is given by the A^-th coproduct of the 
deformed Casimir, and the integrals of motion will be the lower degree coproducts of such 
Casimir and the A^-th total momenta. Apart from the CD realization (|3.1|), the essential 
ingredients for the explicit formulation of such system can be extracted from |j|] . In what 
follows, we shall restrict our study to the construction of two-body problems. However, 
we stress that, due to the underlying coalgebra symmetry, all the systems constructed in 
this way will have A^-dimensional integrable generalizations. 



4 N = 2 systems and their integrable deformations 

Let us now use realizations of s/(2) linked to well-known dynamical symmetries of phys- 
ically relevant potentials like the Morse and the oscillator with centrifugal term in order 



to obtain new systems with sl{2) coalgebra symmetry. 

4.1 Morse potential realization 

If we consider the following s/(2) phase space realization 



^3 = 2^1, 

J_ = -2ple'^' -aiei\ (4.1) 



The dynamical Hamiltonian 

^m = H|-4sJ+ + 4s4 (4.2) 

leads to the Morse one: 

/7^ = ip2 + s(e-2'?i-2e-^i). (4.3) 

The corresponding Casimir is 

C^ = ij| + J+J- = -a/2. (4.4) 

The two-body system is obtained by applying the method described above. The co- 
product of the Hamiltonian (|4.2|) in the realization (|4.1|) is 



i/W = 1 (p^ +p2)^ + s (e-^"! - 2e-«i) + s (e-^'?^ - 2 6"^^) ^ 2 s e-^'''+''^\ (4.5) 

Note that we can take different realizations on each copy of the algebra (ai and 02 have not 
to be the same). Therefore, the coproduct of the Casimir gives a two-parametric family 
of constants of the motion in the form: 

C^2) = _i(a, + a2) - (iai + pj) e'^'-'^' - (iaa + pDe-^'^'-''^^ + 2pip2. (4.6) 



The Hamiltonian (4.5) can be diagonalized if we consider the canonical transformation 



Pi=pi+P2, P2=P2, Qi = qi Q2 = q2-qi- (4.7) 

This leads to a Hamiltonian in which P2 does not appear, and consequently the relative 
position between both particles Q2 = Q2 — Qi is a constant of the motion. Namely 



Note that (48) is a Morse- type problem depending on the constant parameter Q2- Actu- 
ally, in the limit Q2 — > 00 we recover the original Morse potential. It is worth recalling 
that this kind of parameter-dependent dynamics was already observed in [^, where the 
classical motion on the Poisson-Lie sl{2) group was considered. On the other hand, it is im- 



mediate to check that the A^-dimensional generalization of the system (4.5) can be reduced 



to the same type of one dimensional Morse-type problem (now with N — 2 parameters) 
through a canonical transformation containing the new total momenta Pi = J2i=iPi- 



4.1.1 Deformed Morse systems 

• The standard case. The phase space reahzation 

J3 = 2pi, 



^4 

J_ 



ip-qi 

2^ , 



/sinh(2;|?i) 

V z 



leads to the slq{2) Poisson algebra (|2.4D. Therefore, the one-particle Hamiltonian 



H,, 



\jl-AsJ+ + AsJl, 



(4.9) 



(4.10) 



does not change under deformation: 

F, = ip2 + 5(e-2gi_2e-9i)^ (4.11) 

and the deformed Casimir element ( |2.6D is just —a/2. 

Let us now construct the associated two-body integrable deformation. By applying 
the deformed coproduct onto (4.10) and with the aid of two copies of the realization ( |4.9D 
we get 

+s (e^2('^2+2pi) _ 2 g-{g2+2pi)) _|_ 2 s (=-{i'ii-^P'i)+i^^+^Pi)} _ (4-12) 

If we substitute again in terms of Pi, we see that P2 does appear within the Hamiltonian, 
and the deformation would imply that Q2 is no longer a constant of motion (however, 
note the persistent coupling of the type qi — zp2 and q2 + zpi). The additional integral 



of motion for ( 4.12 ) is obtained as the phase space realization of 



Cf^ = A,(C.) 



sinh(fA^(J3)) 



+ A,(J+)A,(J_). 



(4.13) 



Explicitly, ( 4.13 ) gives the following two-particle function: 



c(2) 



sinh(2;(pi + P2)) 



fsmh.zp2\ a2 



e-2-Pi + e 



-(qi-q2)-z(pi-p2) 



Z^^^^^Zpi^ + ^ I {^2zp2 + ^(q,-q2)~z{p,~P2) 



■r-f (' 



(4.14) 



Note that the hmit z ^ of ( |4l^ ) leads to (|4^). 



• The non standard case. The deformed phase space realization corresponding to the —a/2 
value of the deformed Casimir is now 

sinh(/ie"'?i/2) 



(/ie-9i/2) 



^4 
J_ 



ip-qi 
2^ 



smh(/,.-../2) 
(/ie-'?i/2) ^^ 



Ol 



sinh(/i 6-91 /2) ' 



(4.15) 



Therefore, the one-particle Hamiltonian 

n = lJl-4sJ++AsJl, (4.16) 

leads to: 






(4.17) 



The two-particle Hamiltonian is obtained from the deformed coproduct (|2.8D of ( 4.16 ): 
ff(2)_. /-|^e-^ig Sinh(/^e-''V2) sinh(/.e-'?V2) .,-,, y 

+8(6-291 -2e-«i) + s(e-2'?2_2e-'?2) + 2se-('?i+''2). (4.18) 

Again, the role of the pi + p2 dynamical variable is no longer relevant under deformation. 
The two-particle Casimir would be obtained as the phase space realization of 

A.(C.) = i(A.(J3))2 + ^-^-MhA.iJ^)) J 

h 

in terms of two copies of the non-standard deformation ( [4.15 ). 



4.2 The potential x^ + l/x^ 

The following realization of s/(2) 

^3 =Piqi, 

2 '^1 

J+ = hPi + ^> 

J- = -Iql (4.20) 

underlies the sl{2) dynamical symmetry of the above potential, since by defining 

Hc = J+- LO^ J- (4.21) 

we obtain that 

H = iipl + ^'<l!) + ^- (4-22) 

Note that the Casimir function is related to the centrifugal potential: 

Ce = ij| + J+J- = -ci/2. (4.23) 

A two-particle Hamiltonian with coalgebra symmetry can be immediately derived by 
computing the coproduct of ( 4.21| ). Since this dynamical Hamiltonian is linear in the 



generators, we have that 

H^'^ = ^M+Pl) + h^Hd + 4) + "-i+"-i, (4.24) 

in case we assume both phase space representations not to be the same (ci 7^ C2). The 
Casimir function for this well-known Hamiltonian is again the coproduct of Cc in the 
actual representation, which reads 

A(a) = C('Kq^,q2,Pi,P2) = -\{viq2-P2qi? - M±M) (% + ^) . (4.25) 



4.2.1 Deformed x^ + \/x^ systems 

The very same deformation machinery can be now used provided suitable deformed real- 



izations generalizing ( 4.20 ) are found. Hereafter it will be useful to consider the function 

sinh(tx/2) 



Note that \mit~*Q I {l}[t x] = 1/2. 

• The standard case. The deformed realization is 

J+ = ijix[zpiqi\pl + 



2L 

,2' 



'|i| L~ /'i 'iiJ /^i 'or r 12 

i2i 2I^iy[zpiqi] qf 

J- = -l{i}[zpiqi\ql- 

The one-particle Hamiltonian derived from 



H, = J+- u;^ J_ 



in this realization becomes: 



Hz = Iiix[zpi qi] [pI + (jj'^ql) + 777 ? r 4 

^2^ V J 2I^iy[zpiqi] qf 



The deformed Casimir function is again 



C. 



sinh(2J3/2)' 



J+J- 



-ci/2. 



(4.26) 



(4.27) 
(4.28) 
(4.29) 

(4.30) 



When the deformed coproduct of (4.28) is realized in terms of two phase space real- 
izations of the type ( 4.27] ) leads to the following integrable two-particle Hamiltonian: 



pI + u;\j) + 



hP= U{i}[^Pi9i](. 

\^I^,Jzp,q,]{pl+u^^qi)+^j-^^ 



^ £1 I g^P2g2/2_^ 

'2Ijl}[zpiqi] qf 



5^ I „-zpiqi/2 



l}[ZP2q2l 92 



H^^^+z\p2q2(kpi + k^\l + ^ 



PI qi (|P2 + I u;\l + p) } + «[^']- (4-31) 



Note that this power series expansion shows how the undeformed one-particle Hamiltonians 
arises in the first order of the perturbation. As usual, the constant of the motion wil be 
given by ( 4.13 ) where we should use two copies of the proper realization ( [4.27| ). As a 
result, we obtain 



c(2) 



sinh(2;(pi +p2)/2) 



-^P^^^ (^I^,_^[zp^q,fplql + ^^+e^r>.,. (^/^.^[^^^ g^]2p2 ^2 + |^ | (4.32) 



hi\[zpiqi\isi\[zp2q2] { {piq2 + P2qi) + o 



Cl 



'{l}' 



'{^} 






C2 



qt 



2 \ln}[zpiqi]'^ qf In}[zp2q2]'^ ql 



A straightforward computation shows that the hmit z — > of this integral gives the 
undeformed one ( 4.25| ). 



• The non-standard case. The deformed reahzation for the non-standard slh{2) Poisson 
algebra with J„ as primitive generator ( |2.10| ) is: 

^3 = 2/|i|[/l^i]^lPl, 



J+ = /{i}[^g?]p? + ^T— 7r-2T-2' 



^2i ^2 I ^ 

J- = -\ql (4.33) 



If we consider again the dynamical one-particle Hamiltonian as 

Hh = J+- uj'^ J- (4.34) 

we obtain the following deformation of ( [4.22 ): 



H,=pV,,Jk,J] + i.'d + ^j-^^. (435) 

Note that, as a particular feature of this case, if we consider the dynamical Hamiltonian 

Hh = ( sinh hJ-/J-\ H^ , we obtain a "natural" Hamiltonian (with the usual kinetic 

term p^) in which the deformation implies that the motion is not expected to be always 
periodic (in fact, as long as h is increasing, non-periodic motions become more relevant). 
Under such deformed realization (}4.33 ) the Casimir (2^) turns into — c/2. 



The corresponding two-body system is, as usual, provided by the non-standard co- 
product of the dynamical Hamiltonian ( [4.34 ) , that reads 



\ 'fa 




-hql/2_ 



e-"'i2/-+ 



H^'^ + ^ [dl {\pI + I) - ,1 (iP? + I) } + o[h\ (4.36) 

Note that this power series expansion shows the presence of "crossed" oscillator and cen- 
trifugal terms coming from the deformation. Finally, the associated constant of the motion 
can be deduced from the coproduct of the non-standard Casimir ( [2.12| ) under two realiza- 
tions of the type ( [4.33|) . 

4.2.2 Coalgebra symmetry of the N = 2 Calogero system 

Let us now consider the N = 2 Calogero Hamiltonian 



r(2)^n m-ui32 , D2^ , n2/^2 , ^2^ , " , L 

{Q1-Q2? {Q1 + Q2Y' 



H^iiQ^ P) = \(Pl + P2) + ^\Ql + Ql) + ,r. ^.^2 + TTT^hryl- (4-37) 



It turns out that the canonical transformation 

Qi:=(9i + g2)/2, Qa := (92 - gi)/2, Pi:=pi+P2, P2:=V2-V\- (4.38) 

10 



leads to the identification 

where H^'^\q,p) is given by (|4.24D with $7^ = uj'^/2, a = 2ci and /3 = 2c2. 



i/i'^(g,p) = 2i/(2)(g^p)^ (4_39^ 



Therefore, the Calogero haniiltonian (4.37) does have sl{2) coalgebra symmetry, being 
canonically equivalent to the (non-deformed) coproduct Tl := 2 (J+ — w^ J_) and provided 
two appropriate (and, in general, different) phase space realizations of s/(2) are considered. 
Moreover, an integral of the motion for ( [4.37| ) is immediately deduced from the coalgebra 
symmetry, since it will be given by the (canonically transformed) coproduct of the sl{2) 
Casimir given by (4.25|), which takes the following form in terms of the Calogero variables: 



XQi - Q2y {Qi + Q2) 



c':MQ,p) = -\{PiQ2-P2Qi? - {Ql + QD ,^ Zn ^2 + rn in ^2 ) • (4-40) 



As a further consequence, the coalgebra symmetry provides a systematic procedure 
to get integrable deformations of the N = 2 Calogero system. In particular, a factor 
2 times the deformed Hamiltonians ( [4.31| ) and ( 4.36| ) will give rise, (respectively, and by 



using the inverse of the canonical transformation (4.38)) to the standard and non-standard 



deformations of H^ JQ^P). Once again, corresponding deformed integrals would be given 
by the inverse canonical transformation of the coproduct of the deformed Casimirs in the 
original {q,p) variables. 



5 Two-particle realizations and 2 A^ dimensional systems 

So far we have considered one-particle phase space realizations of coalgebras, but this 
is not the most general possibility. For instance, the classical analogue of the so called 
Jordan-Schwinger (JS) realization of s/(2) would be 

Jg = a+ ai - 6+ 6i = Nf - Ml, 

J+ = bia+, (5.1) 

J_ = aibf , 

where -^oija]^? = ■^6i,6]'"> = 1. This realization can be used to construct integrable 
systems by using the coalgebra approach, but now each sl{2) copy will have two degrees 
of freedom and we would obtain a 2 A^ dimensional system, whose complete integrability 
will be linked to the existence of 2 A quantities in involution. 

The previous formalism provides us with N of them (the TTi-th coproducts of the 
Casimir and the A^-th coproduct of the dynamical Haniiltonian). However A more inte- 



grals are also available if we take into account that, under (5.1), the Casimir of sl{2) is no 
longer a numerical constant, but a two-particle function. Namely, 

a = \{Jlf + J\Jl = \{at a, + bf hf = \{Mt +Mtf. (5.2) 

And we have A of this quantities (in terms of classical number operators) that, by con- 
struction, will commute with the A integrals coming from the coproduct. For instance. 



from (3^) we find that the JS classical Gaudin magnet is 

N N 
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N N N 

= \Y^{M? +M^f +-^Y.W -^')i^3 -^') + ll^''tb^ ^^h + bt ap,a,). (5.3) 

Therefore, this hamiltonian is completely integrable, since it is in involution with both the 
Ci functions (^]^) and the "lower dimensional" Hamiltonians Hj^'. Finally, we remark 
that the last term in (|5.3| ) is just the classical counterpart of a longe-range interacting 
system with a four- wave interaction Hamiltonian mixing each pair of sites (see [18| for 
related quantum optical integrable systems). 

5.1 Jordan-Schwinger map and coalgebra structure 



At this point, it becomes clear that a suitable deformation of the classical JS map (5.1) 
would give rise to a new class of 2A^ dimensional slq{2) invariant Hamiltonians. The 
answer to this question can be directly related to the study of the reducibility properties 
of the classical JS map, and it will lead us to a new interesting type of coalgebra structures. 

A straightforward computation shows that the Jj functions 

(5.4) 





= A( J3) = 

= A( J+) 


a (g) J3 + J3 (g) 1, 

= 1 (g) J+ - J+ O 1 


j- 


= A(J_) 


= 10 J_ 


-J- 01 



close a s/(2) algebra. We could now consider a pair of "harmonic oscillator" realizations 
-given by ( [4.20 ) with c = 0- and obtain a realization of ( ^.4]) on the two-particle phase 



space in the form 









J3 =piqi +P2q2, 
J+ = hiPi-pl)^ 
J- = -h{ql-ql)- 


, the following 


canonical transformation can be defined 




Pi 

P2 


= h 
= h 


+ ia;/", qi=ai- ^bf , 



(5.5) 



(5.6) 
By substituting (|5.6|) onto (5.5) we recover (|5.1D. Therefore, the JS realization is canoni- 



cally equivalent to a "fermionic coproduct" (|5.4|) of two irreps of sl{2). Note that the map 



A defined by (5.4) is not coassociative since 

(id (g) A) o A / (A (g) id) o A. (5.7) 

The coalgebra structure allows us to perform the same trick in the deformed case, 
where we can obtain the deformed realization by setting 

A^(J3) = lg) J3 + J3 1, 

A^(J+) = e-t-^3 ^J+-J+(g) et-^3. (5,8) 



These expressions are compatible with slq{2) brackets ( |2.4| ) and define a non-cocommutative 
and non-coassociative homomorphism. Prom them, the slq{2) generators can be expressed 
in terms of two phase space realizations ( [1.27 ) with c = 0: 



/3 = /^z{-h) =Piqi +P2q2, 
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/+ = A,(J+) = e-fPi'?i I^iy[zq2P2]pl - I^ljzqipi] p^efp^.^. (5.9) 

/_ = A,(J_) = -e-^^P^'i^ I^iy[zq2P2]ql + I{ly[zqiPi]qle^P^''^; 



Now, if we apply the canonical transformation ( p.q ) onto the functions fi, we shall obtain 
the appropriate standard deformation of the JS map ( |5.1D , that can be recovered in the 
limit 2; — > 0. 

Note that the g-deformation of the JS map has been treated in the previous literature 



|ll9|l by making use of a deforming functional approach [^, 21 1. However, the discovery 
of its "internal" coalgebra structure makes it possible to give an answer in terms of the 
sUq{2) properties. It is also worth to stress that the non-standard deformation seems not 
to be compatible with such "fermionic" comultiplication. 

Finally, we mention that the construction of a 2 A'^ dimensional standard deformation of 
the Gaudin-JS system (|5.3| ) is straightforward by considering N copies of the deformed JS 
map ( |5.9D and by representing through them the iV-th deformed coproduct of the standard 
slq{2) Casimir ( |2.6| ). The integrals of motion will be given by the M-th coproducts (M = 
2,. . . ,N — 1) of such deformed Casimir and by the N different functions Cf defined by 
the expressions of the slq{2) Casimir on each copy of the JS realization. 
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